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X-rays, wave, and interference 
Crystal and Bragg Law 
Applications -  

 fiber diffraction  
 epitaxial growth  
 quantum dots 
 phase transformation 
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Electromagnetic Waves 

p=h/ λ


E=h ν


The Interaction of Synchrotron Radiation with Materials Crystal: a repeated (periodic) array of atoms 

Crystal structure = Lattice + Basis of the Lattice Point 

A crystal structure consists of identical copies of the same physical unit (a group 
of atoms), called the basis, attached to all the points of a lattice.  
A lattice is defined as an array of equivalent points in 1, 2 or 3 dimensions. The 
environment of an atom placed on any one of these lattice points would be 
identical to that placed on any other lattice point. Therefore the lattice locates 
equivalent positions and shows the translational symmetry. The actual positions 
of atoms or molecules, however, is not provided. 
 

What is a “Crystal” - microscopic 

High resolution STEM image 
from a grain boundary in gold at 
the atomic level; white dots can 
be directly interpreted as atom 
columns.  

http://www.smalltimes.com/articles/article_display.cfm?Section=ARCHI&C=Specl&ARTICLE_ID=333000&p=109 

Bravais Lattice 

cnbmalR 
++=

A Bravais lattice is an infinite array of discrete points with an arrangement and 
orientation that appears exactly the same, from whichever of the points the 
array is viewed. 
 
A (3-D) Bravais lattice consists of all points with position vectors     of the form R



where    ,    , and    are any three vectors not all in the same plane, and l, m, and 
n range through all integral values.   

a b


c

a

b


c
        : basis vectors                  
 
 
 
   generate the lattice 

(布拉法斯晶格) 

21 32 aaR 
+=

21 23 aaR 
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Cubic 
a=b=c 
α=β=γ=90° 

Tetragonal 
a=b≠c 
α=β=γ =90°	



Orthorhombic 
a ≠ b≠c 
α=β=γ =90°	



Hexagonal 
a = b ≠ c 
α=β= 90°, γ =120°	



Trigonal 
a = b= c 
α=β= γ ≠ 90°	



Monoclinic 
a ≠ b≠c 
α= γ = 90°, β ≠ 90°	



Triclinic 
a ≠ b≠c 
α ≠ β ≠ γ	



14 Bravais Lattices - 3D  (7 crystal classes + 4 types of unit cell) 
P: primitive I: body centered F: face centered C: side centered 

lattice planes in real space 
(1 0 0) 

(1 0 0) 

(2 1 0) 

(2 1 0) 

(3 2 0) 

(3 2 0) 

(3 1 0) 

(3 1 0) 
(110) 

(110) 

(0 1 0) 

(0 1 0) 

lattice points in reciprocal space 

A crystal can be described by sets of evenly spaced parallel planes. 
Represent each set of planes by its    and 1/dhkl, a vector (point) in reciprocal space n̂

Bragg Law - X-ray reflected by the (hkl) planes 

)(
0

trkieEE ω−⋅=


ki 

-ki 

kf 

2θ 

Path Difference L = 2dhkl sin(2θ/2) 
Constructive interference: L = nλ 

hkld
12)2/2sin(22 πθ

λ
π =

Bragg Law: 2dhkl sin(2θ/2) = nλ 

hkl
hkl

Gn
d

qq
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condition for diffraction to occur  q 

θΒ 

dhkl 

d sinθB d sinθΒ 

ki kf 

λ
π2

=k

θΒ 

θΒ θΒ 

Find G’s from measurements, 
Derive R’s from G’s  
(one to one correspondence between G’s and R’s) 
Crystal lattice is determined  

Scattering by a charge distribution 

d ndd ˆcos ⋅−=


θ

ndd ʹ′⋅=ʹ′ ˆcos


θ

θ	


θ’ 

nkki ˆ=
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wave vector 
k = 2π/λ	



Path difference   L = d cosθ ’+d cosθ = )ˆˆ( nnd −ʹ′⋅


)( kkq


−ʹ′≡

scattering vector 

X-rays are mainly scattered by electrons. 
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Scattering amplitude: 

Scattering vector: 
Intensity: 

FT of e- density distribution 

X-ray scattering probes the electron distribution within the sample. 
We  measure the square of its Fourier components. 

Fourier Transform - 1D 

f (x) F(k) 

Gaussian 
with FWHM = a 

Gaussian 
with FWHM = 1/a 

narrow 
Gaussian 

broad 
Gaussian 

periodic 
with p = a 

periodic 	


with p = 2π/a	



Fourier Transform - Convolution 

F 	
  [f (x) ⊗ g (x)] =	
  F 	
  [f (x)]	
  F 	
  [g (x)]

Convolution )()(')'()'()()( xfxgdxxxgxfxgxf ⊗=−=⊗ ∫
∞

∞−

dkekFxf ikx∫
∞

∞−

= )(
2
1)(
π

dxexfkF ikx∫
∞

∞−

−= )()(where 



Presentation No. 
10 

Fourier Transform - example 
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basis lattice crystal 

peak position intensity envelop diffraction pattern 

F 	
  [f (x) ⊗ g (x)] =	
  F 	
  [f (x)]	
  F 	
  [g (x)] 

lattice  basis  crystal (e- density) Real space  

Reciprocal space 
 structure factor  reciprocal lattice  diffraction pattern 

Fourier transform 

Reproduced from An Introduction to Synchrotron Radiation by Philip Willmont 


The electronic distribution of the crystal can be described as the convolution of the 
Bravais lattice with the electronic distribution of the basis.


X-ray Scattering Intensity 
group the electron distribution 
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X-ray Scattering by Crystals 
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constructive interference           Bragg reflection 

Lattice            diffraction peak position 
 
Basis          intensity profile 

Diffraction peak position             crystal symmetry 
                                                        lattice constant 
 
Intensity profile          structure factor 

           charge distribution 

                

Diffraction Pattern of A Single Atom 

Assume a  spherical charge distribution 

Real space 
A cut in  

reciprocal space 
2D in 

reciprocal space 
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2 atoms 

5 atoms 

Size Effect - Diffraction  Pattern of A Row of Atoms 

1 l.u.= a Å  
1 r.l.u. = 2π/a Å-1 

or Scherrer’s equation 
BFWHM

L
θθ

λ
cos)2(

9.0
≈

)(
2

qFWHM
L π
≈

Pictures reproduced from Interactive Tutorial about Diffraction  
(http://www.lks.physik.uni-erlangen.de/diffraction/teaching.html)  

an oblique lattice 

Diffraction Patterns of Various Lattices 

an orthorhombic lattice 

a square lattice 
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The inverse relationship between  
real and reciprocal space 

Rotation of atomic  
arrangement in real space 

Rotation of diffraction  
pattern in reciprocal space 

Rotation of Crystal 
狹縫繞射


N 

繞射峰間距	
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 a 
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Peak broadening – strain 

d
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d
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22

2

εqq =Δ proportional to q 

2π/a 2·2π/a 3·2π/a 
2π/a1.1 2·2π/a1.1 3·2π/a1.1              a1.1 = 1.1 a 

(001) (002) (003) 

2π/a.95 2·2π/a.95 3·2π/a.95    a.95 = 0.95 a 

q 

I 

Diffraction patter of a protein crystal

Diffraction Patter of Single Crystals


Lattice: symmetry, lattice parameters 
Intensity distribution: atomic arrangement within a unit cell
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X-ray Powder Diffraction (XRD) 

XRD pattern of a  
single crystalline 

XRD pattern of many  
crystallines 

Powder rings 

Types of Crystalline Samples and Their Diffraction Patterns 

bad powder and good powder 

Preferable particle size ≤ 5 µm 
Good powder: uniform size and random orientation 

Detectable particle size ≥ 3 u.c. 

X-ray 

X-ray Powder Diffraction (XRD) 

Criteria of good sample: 
•  fine powder (µm) 
•  random orientation 

(200) 

(220) 
(311) 

(400) (222) (331) (420) 

λ = 0.6975 Å 
 
 

              Cubic SiC                           

(511) (422) 

(111) 

peak position  
 

lattice constant & symmetry 

(lattice) 

intensity distribution 
 

structure factor 

(within unit cell) 

Texture - Pole figures 

Pole figures show the stereographic projection of the locations where a 
selected crystallographic plane, defined by its interplanar distance d value, is 
in a reflection position.   

To define the orientation of a crystal, we usually specify the directions of a 
crystallographic plane, such as the (001) plane of a cubic system. 

H 

K 

L 

r = R tan(χ/2) 
X = r cos φ	


Y = r sin φ	

χ	



φ	



X 

Y 

(rcosφ  rsinφ) 

Texture - Pole figures 

Ag/NaCl(001) 
<220> pole figure 

[001]Ag || [001]NaCl 
[100]Ag || [100]NaCl 

With fixed |q|, measure the diffraction intensity while rotating the sample 
orientation over a hemisphere.              Spatial distribution of orientations. 

|q|= |G220| = 2π/d220 

H 

K 

L 

H 

K 

L 

(202) 
(-202) 

(022) (0-22) 

(220) 

(-220) 

(2-20) 

(-2-20) 

Ag: fcc structure 

Experimental method: 
With a given, 2θ, a series of φ scans is performed at regularly incremented χ values. 
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Texture - Pole figures (epitaxial) 
With fixed |q|, measure the diffraction intensity while rotating the sample 
orientation over a hemisphere.              Spatial distribution of orientations. 

[100]NaCl 

[010]NaCl 

|q|=2π/d220 

Ag/NaCl(001) Ag{220} pole figure 

[001]Ag || [001]NaCl 
[100]Ag || [100]NaCl 

(2 0 2) 

(-2 0 2) 

(0 2 2) (0 -2 2) 

(2 2 0) 

(-2 -2 0) 

(2 -2 0) 

(-2 2 0) 

The other method: azimuthal scan i.e., phi scan 

a1’ 

a2’ 

a3’ 

Texture – pole figure (preferred orientation) 

Si cubic a =5.431Å 
ZnO Wurtzite (hexagonal) 

(101)ZnO 

Si]011[

Si]211[

ZnO/Si(111) (0001)ZnO || (111)Si 

Columnar growth, no fixed in-plane orientation 

a1’ 

a2’ 

a3’ 

120° 

Azimuthal Scans (Epitaxial Relationship) 
With fixed |q|, rotate sample against surface normal or crystalline 

a1’ 

a2’ 

a3’ 

a3’ 

a1’ a2’ 

(101) 

(111) 

0 50 100 150 200 250 300 350

10-3

10-2

10-1

100

101

102

103

104

 

 

I (
sr

b.
 u

ni
t)

φ (deg)

 film (101)
 substrate (111)

cubic-on-cubic growth 

(001) 

substrate 

film 

In-plane 45° rotation, i.e. 
<100>film || <110>sub 

Texture - Pole figures 

For a powder sample, you will see a uniform intensity distribution over 
the entire sphere. Each angular position corresponds to a crystalline. 

H 

K 

L 

Pole figure bears the information about crystalline orientation and symmetry 

X 

Y 

SrTiO3 (001) 

YBa2Cu3O7-δ , δ < 0.1 
grown by PLD 

T ~ 3000 Å  
SrTiO3: cubic structure with a = 3.905 Å 
YBCO: orthorhombic with  

 a =3.823 Å, b = 3.887 Å, c = 11.677 Å 
 or  
 tetragonal with  
 a = 3.85 Å, and c =  11.665 Å 

aSTO ~ aYBCO ~ bYBCO  
3aSTO ~ cYBCO 

 
 
 

High Tc Superconductor Thin Films 

AFM images 

O Y 

Cu 

Ba 

Ti 

Sr 

a b 

cubic 

orthorhombic 
or tetragonal 

0.0 0.5 1.0 1.5 2.0 2.5 3.0
10-4

10-3

10-2

10-1

100

101

102

103

104

105

YBCO(009)YBCO(004)

YBCO(007)

STO(003)

YBCO(008)

YBCO(006)

YBCO(005)

YBCO(003)
YBCO(002)

YBCO(001)

STO(002)

 

 

I (
a.

u.
)

L (rluSTO)

STO(001)

 The intensity profile of a θ  -2θ scan along surface 
normal. The Miller indices of each Bragg reflection is 
marked on the top.  

No peaks at (m/3 n/3 l) were observed. 

YBCO films are (001) oriented. 

Radial scan along surface normal of YBCO/STO(001) 

h 

k 

  l 

STO(001) 

STO(002) 

YBCO(001) 
YBCO(002) 
YBCO(003) 
YBCO(004) 
YBCO(005) 
YBCO(006) 
YBCO(007) 
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h-k mesh scans at various reflections 

(-112) 

(014) (104) 

(-2-12) 

HSTO  
 
 
 
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 

KSTO 

The patterns are independent of l             not due to lattice tilting 
Satellites are displaced along either [110]or [1-10] direction           not due to lattice twisting 

Satellites are displaced along either 
[110]or [1-10] direction 

Same pattern was observed at 50K. 
This pattern is T independent. 

KSTO 

HSTO 

 
 
 
 
 

 
 
 
 
 

Four twins with [1 ±1 0]YBCO || [1 ±1 0]STO. This 
arrangement is equivalent to that two domains have 
their [1 0 0] direction deviate from STO [1 0 0] by 
±1.3° and the other two domains with their [0 1 0] 
direction deviate from STO [1 0 0] by ±1.3°.  

orthorhombic structure with  
a = 3.84 Å, b = 3.90 Å and c = 11.67 Å  

The lattice of the YBCO films is fully relaxed.  
 

Coexistence of twins with [1 ±1 0]YBCO || [1 ±1 0]STO 

YCu2Ba3O7-δ grown epitaxially on STO(001) has orthorhombic structure with 
(001)YBCO || (001)STO. Twins with (1±10)YBCO || (1 ± 10)STO  coexist. 

6 mm 

5 nm 

 H.-S. Sheu et al.同步輻射簡訊 52, (2002) 

蜘蛛絲拖曳線的X光繞射	
 

Fiber Diffraction
 Spider Silk (Nephila 人面蜘蛛 drag line ) 

The most basic & stable (secondary) 
structural units found in proteins 

α-helix
 β-sheets turns


Two types of nano-crystallines 
exist in spider silk 

從二維X光繞射圖譜發現	
 蜘蛛絲裡含兩種奈米晶體	
 

silk 

(020) 

(021) 
(211) 

(002) 

(210) 

S 

β-sheet domains 
(highly preferred 
orientation) 

β-sheet domains 
(randomly 

oriented) 

一種強韌人造纖維(輪胎及防彈衣用)	
 

1.00 1.05 1.10 1.15 1.20 1.25 1.30 1.35

3.505

3.510

3.515

3.520

3.525

3.530

3.535

3.540

Elongation Percentage

d-
sp

ac
in

g 
of

 (0
 0

 2
)

4.28

4.30

4.32

4.34

4.36

4.38

4.40

4.42

d-spacing of S

S 
(0 0 2) 

C. Moluccensis 
(雲斑蜘蛛)  

Structural change of stretched spider silk 

Two kinds of crystallines exhibit different deformation behavior upon stretching 

Well-aligned 
randomly-oriented 

L = l0 

L = 0.65 l0 
then 
stretched 

L = 0.46 l0 

Molecular chain orientation in supercontracted and 
reextended spider silk 

Int. J. Biological Macromolecules 24(1999) 203-210. 

蜘蛛絲的超縮收造成絲裡面的
奈米晶體東倒西歪	
 

C. moluccensis 

wet 

dry 

Nephila 

蜘蛛絲的超縮收造成絲裡面的
奈米晶體更有序 

(人面蜘蛛) 
 (雲斑蜘蛛) 


(wet  & 
contracted
) 

(nature 
length) 

disorder 

order 

order 
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A schematic of a X-ray Nanoscroscopy 

resolution ~ 50-100 nm 

Polychromatic Laue patterns and 
monochromatic diffraction patterns, 
fluorescence emission  from x-ray 
microbeams provides local composition, 
structure, orientation, and elastic strain 
tensors with 3D submicron spatial 
resolution. 

JAP 104, 123533 (2008). 

DAXM with depth sensitivity


in-plane orientation maps


Strain εzz* map before EM passivated 
Al wire 

OM image


L:30 mm, W:2.6 mm, T:0.75 mm


before EM 

EM 0-3.6 hrs


EM 7.2-10.8 hrs


EM 14.4-18 hrs


EM 18-21.6 hrs


The EM is mainly along the top and 
bottom interfaces, with less EM flux 
near the edges of the line than near 
the center due to the stronger 
mechanical constraint by the 
passivation layer near the edges of 
the line. 
. 

A strong strain gradient formed in the 
upstream part of the Al lines. Strains 
along the downstream part of the lines 
were smaller and more scattered. 

Orientation map for epitaxial CeO2 film (a) grown on roll-textured Ni substrates (b). 
The lines represent grain boundaries. Areas of the same color denote regions in 
which all grain boundaries have rotations < 5º and therefore do not disrupt current 
flow. Grains of different colors have rotations > 5º and disrupt current flow.  

(a) (b) 

MRS Bull. 29, 170 (2004). 

X-ray Diffraction Microscope - Orientation Distribution 

Rolled and recrystallized Ni 
foils with (001) normal 

CeO2 epi-layer 

CCD 

Superconductor wire made 
by epitaxial growth of 

YBCO on textured Ni tape 
buffered with YSZ/CeO2 

grain size ~ 50 µm 

Systematic crystallographic tilts between the film and substrate are present. 
The film is not exactly aligned with the substrate. 

 

0.50 µm thick 

High-angle grain boundaries degrades conductivity and lead to brittle 
mechanical properties of superconductor. 


